Relative equilibria of a gyrostat in newtonian interaction with two
  rigid bodies by Vera, J. A.
ar
X
iv
:m
at
h/
06
10
28
7v
1 
 [m
ath
.D
S]
  9
 O
ct 
20
06
Equilibria for a gyrostat in newtonian interaction with
two rigid bodies
J. A. Vera
Universidad Polite´cnica de Cartagena
Departamento de Matema´tica Aplicada y Estad´ıstica
Paseo Alfonso XIII, 52, 30203 Cartagena (Murcia), Spain
e-mail: juanantonio.vera@upct.es
Abstract
In this paper the non-canonical Hamiltonian dynamics of a gyrostat in the three
body problem will be examined. By means of geometric-mechanics methods some
relative equilibria of the dynamics of a gyrostat in Newtonian interaction with two
rigid bodies will be studied. Taking advantage of the results obtained in previous
papers, working on the reduced problem, the bifurcations of these relative equilibria
will be studied. The instability of Eulerian relative equilibria if the gyrostat is close
to a sphere is proven. Necessary and sufficient conditions will be provided for
lineal stability of Lagrangian relative equilibria if the gyrostat is close to a sphere.
The analysis is done in vectorial form avoiding the use of canonical variables and
the tedious expressions associated with them. In this way, the classic results on
equilibria of the three-body problem, many of them obtained by other authors who
had used of more classic techniques, are generalized.
AMS Subject Classification: 34J15, 34J20, 53D17, 70F07, 70K42, 70H14
1 Introduction
In the last few years a lot of papers about the problem of roto-translational motion of
celestial bodies have appeared. These show a new interest in the study of configurations
of relative equilibria by differential geometry methods instead of more classical ones.
In the present paper, references will be made to Wang et al. [9], concernig the problem
of a rigid body in a central Newtonian field, and Maciejewski [3], concerning the problem
of two rigid bodies in mutual Newtonian attraction. Let us remember that a gyrostat is
a mechanical system S composed of a rigid body S ′ and other bodies S ′′ (deformable or
rigid), connected to it in such a way that their relative motion with respect to its rigid
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part do not change the distribution of mass of the total system S (Leimanis, [2]). These
papers have been generalized by Monde´jar and Vigueras [4] to the case of two gyrostats
in mutual Newtonian attraction.
With regards to the problem of three rigid bodies, references will have to be made to
Vidiakin [8] and Duboshin [1] who proved the existence of Euler and Lagrange configura-
tions of equilibria when the bodies possess symmetries. Later Zhuravlev and Petrutskii
[10] reviewed the results until 1990.
Vera [5] and Vera and Vigueras ([6],[7]) have studied the non-canonical Hamiltonian
dynamics of n + 1 bodies in Newtonian attraction, in which n of them are rigid bodies
with a spherical distribution of masses or material points and the other one is a triaxial
gyrostat. Working in the reduced problem, global considerations about the conditions
for relative equilibria were made. Finally, in an approximated model of the dynamics, a
study of some relative equilibria of a gyrostat in Newtonian interaction with three rigid
bodies is carried out.
In this paper, the existence and stability of some periodic solutions of the dynamics of
a gyrostat in Newtonian interaction with two rigid bodies will be investigated. In a first
approach to the problem, the attitude dynamics of both rigid bodies are assumed to be
the same as the dynamics of a rigid body in torque free motion. The two rigid bodies have
revolution symmetry about the third axis of inertia. On the other hand, the Newtonian
interaction of the gyrostat between both rigid bodies is simplified supposing the gyrostat
a material particle. The Newtonian interaction between the two rigid bodies are the same
of two material particles.
With these hypotheses, according to Vera and Vigueras [7], working in the double
reduced space of configuration of the problem, the equations of motion and those which
determine the relative equilibria will be derived.
Two families of relative equilibria, Eulerian and Lagrangian will be investigated. The
Eulerian relative equilibria are completely determinated by a polynomial equation of de-
gree nine. The bifurcations of these equilibria are made. The bifurcations of the La-
grangian relative equilibria are completely investigated and expressions for the Lagrangian
relative equilibria when both solids are close to spheres are provided.
We should notice that the studied system, has potential interest both in astrodynamics
(dealing with spacecrafts) as well as in the understanding of the evolution of planetary
systems recently found (and more to appear), where some of the planets may be modeled
like a rigid body rather than a rigid body. In fact, the equilibria reported might well be
compared with the ones taken for the ‘parking areas’ of the space missions (GENESIS,
SOHO, DARWIN, etc) around the Eulerian points of the Sun-Earth and the Earth-Moon
systems. Some interesting numeric results have been calculated in the Appendix B.
The methods used in this work can be applied to similar problems. The study of the
nonlinear stability of the relative equilibria obtained here is the logical continuation of
this work.
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2 Poisson dynamics
Let S0 be a gyrostat of mass m0, and S1, S2 two symmetrical rigid bodies of masses m1
and m2 respectively; I = {O,u1,u2,u3} an inertial reference frame; J = {C0,b1,b2,b3}
a body frame fixed at the center of mass C0 of S0, (see Vera and Vigueras [7] for details).
The following notation is used
M2 = m1 +m2, M1 = m1 +m2 +m0, g1 =
m1m2
M2
, g2 =
m0M2
M1
Where for u, v ∈ R3, u · v is the dot product; | u | is the Euclidean norm of the vector
u; u× v is the cross product; IR3 is the identity matrix; and 0 is the zero matrix of order
three. Consider I0 = diag(A0, A0, C0) the diagonal tensor of inertia of the gyrostat, and
Ii = diag(Ai, Ai, Ci) the diagonal tensors of inertia for the rigid bodies Si, i = 1, 2. The
generic expression z =(Π1, Π2, Π0, λ, pλ, µ, pµ) ∈ R21 is an vector of the twice reduced
problem obtained by appling the symmetries of the system. Π0 = I0Ω0 + lr is the total
rotational angular momentum vector of the gyrostat in the body frame, which is attached
to its rigid part and whose axes have the direction of the principal axes of inertia of S0;
the vector lr = (0, 0, l) is the constant gyrostatic momentum and Πi = IiΩi (i = 1, 2) are
the total rotational angular momentum vectors for the two rigid bodies. The elements
λ, µ, pλ and pµ are respectively the barycentric coordinates and the linear momenta
expressed in the body frame J.
Following the results of Vera and Vigueras [7], according to the hypotheses formulated
in the introduction of this paper, a good approximation to the potential of the system is
expressed by the following expression
V = V1 + V2
where
V1 = −
(
Gm1m2
| λ | +
Gm1m0
| µ−m2
M2
λ | +
Gm2m0
| µ+m1
M2
λ |
)
V2 = −1
2
(
Gm0α1
| µ−m2
M2
λ |3 +
Gm0α2
| µ+m1
M2
λ |3 −
3Gm0f1
| µ−m2
M2
λ |5 −
3Gm0f2
| µ+m1
M2
λ |5
)
and
α1 = 2A1 + C1, α2 = 2A2 + C2
f1(λ,µ) = µ · I1µ− 2m2
M2
λ · I1µ+
(
m2
M2
)2
λ · Iλ
f2(λ,µ) = µ · I2µ+ 2m1
M2
λ · I2µ+
(
m1
M2
)2
λ · Iλ
3
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The Hamiltonian function of the system adopts the form
H(z) = | pλ |
2
2g1
+
| pµ |2
2g2
+
1
2
Π0I
−1
0 Π0 − lr · I−10 Π +
1
2
Π1I
−1
1 Π1 +
1
2
Π2I
−1
2 Π2 + V(λ,µ)
Let (M, { , },H) with M = R21 be the Poisson manifold, where { , }
is the Poisson brackets defined by means of the Poisson tensor
B(z) =

Π̂1 0 0 0 0 0 0
0 Π̂2 0 0 0 0 0
0 0 Π̂0 λ̂ p̂λ µ̂ p̂µ
0 0 λ̂1 0 IR3 0 0
0 0 p̂λ −IR3 0 0 0
0 0 µ̂ 0 0 0 IR3
0 0 p̂µ 0 0 −IR3 0

In B(z), v̂ is considered to be the image of the vector v ∈ R3 by the standard isomor-
phism between the Lie Algebras R3 and so(3), i.e.
v̂ =
 0 −v3 v2v3 0 −v1
−v2 v1 0

The equations of the motion are given by the below expression
dz
dt
= {z,H(z)} = B(z)∇
z
H(z)
with ∇zV being the gradient of V with respect to an arbitrary vector z.
Calculating {z,H(z)}, the below group of vectorial equations of the motion can be
written as
dΠ0
dt
= Π0 ×Ω0+λ×∇λV + µ×∇µV
dλ
dt
=
pλ
g1
+ λ×Ω0, dpλ
dt
= pλ ×Ω0 −∇λV
dµ
dt
=
pµ
g2
+ µ×Ω0,
dpµ
dt
= pµ×Ω0 −∇µV
dΠ1
dt
= Π1 ×Ω1, dΠ2
dt
= Π2 ×Ω2
(1)
Important elements of B(z) are the associated Casimir functions. The vector
L0 = Π0+λ× pλ + µ× pµ
4
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is a part of the total angular momentum L given by
L = Π2 +Π1 + L0
Then the below result can be concluded.
Proposition 1 If ϕi, (i = 0, 1, 2) are real smooth functions, then ϕ0(
|L0|
2
2
), ϕi(
|Πi|
2
2
),
(i = 1, 2) are Casimir functions of the Poisson tensor B(z). Furthermore, KerB(z) =<
∇zϕ0, ∇zϕ1, ∇zϕ2 >. We also have
dL
dt
= 0, which means the total angular momentum
vector remains constant. If Π0 = (pi
1
0, pi
2
0, pi
3
0), then pi
3
0 is an integral of the motion.
3 Relative Equilibria
If ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) is a generic relative equilibrium, the below
vectorial equations are verified
Πe0 ×Ωe0+λe × (∇λV)e + µ× (∇µV)e = 0 (2)
peλ
g1
+ λe ×Ωe0 = 0, peλ ×Ωe0 = (∇λV)e
peµ
g2
+ µe ×Ωe0 = 0, peµ×Ωe0 = (∇µV)e
Πe1 ×Ωe1 = 0, Πe2 ×Ωe2 = 0 (3)
where (∇λV)e and (∇µV)e are the values of ∇λV and ∇µV in ze.
According to the relationships provided by Vera and Vigueras [7], the following results
are obtained.
Lemma 2 Whenever ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) is a relative equilibrium, the
below relationships are verified
| Ωe0 |2| λe |2 −(λe ·Ωe0)2 =
1
g1
(λe · (∇λV)e)
| Ωe0 |2| µe |2 −(µe ·Ωe0)2 =
1
g2
(µe · (∇µV)e)
The previous two identities will be used to obtain necessary conditions for the existence
of relative equilibria.
Certain relative equilibria will be studied assuming that vectors Ωe0, λ
e and µe satisfy
special geometric properties.
Definition 3 ze is said to be an Eulerian relative equilibrium when, λ
e and µe are
proportional and Ωe is perpendicular to the straight line that is generate.
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Definition 4 ze is said to be a Lagrangian relative equilibrium if λ
e and µe are not
proportional and Ωe is perpendicular to the plane that both of them generate.
From the above definitions, the following property is deduced.
Proposition 5 In an Eulerian or Lagrangian relative equilibrium, momenta are not ex-
ercised over the gyrostat.
Next, necessary and sufficient conditions for the existence of Eulerian and Lagrangian
relative equilibria will we obtained.
4 Eulerian relative equilibria
According to the relative position of the gyrostat S0 with respect to S1 and S2, there
are three possible equilibrium configurations: a) S2S1S0, b) S2S0S1 and c) S0S2S1.
4.1 Necessary conditions of existence
The following lemma is a direct consequence of the geometry of the problem.
Lemma 6 If ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) is a relative equilibrium of Euler type,
then for the configuration S0S2S1
| µe−m2
M2
λe |= | λe | + | µe+m1
M2
λe |
In a similar way, for the configuration S2S0S1
| λe |= | µe−m2
M2
λe | + | µe+m1
M2
λe |
Finally, for the configuration S2S1S0
| µe+m1
M2
λe |= | µe−m2
M2
λe | + | λe |
If ze is an Eulerian relative equilibrium, them
g1 | Ω0e |2| λe |2= λe · (∇λV)e
g2 | Ω0e |2| µe |2= µe · (∇µV)e
with
µe−m2
M2
λe = ρλe, µe+
m1
M2
λe= (1 + ρ)λe, µe =
((1 + ρ)m2 + ρm1)
M2
λe
6
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where ρ ∈ (−∞,−1) in the configuration a), ρ ∈ (−1, 0) in the configuration b) and
ρ ∈ (0,+∞) in the configuration c). Moreover the following expressions are possible to
be obtained
(∇λV)e = h1(ρ)λe, (∇µV)e = h2(ρ)λe
with
h1(ρ) =
Gm1m2
| λe |3 +
Gm0m1sgn(1 + ρ)
M2 | λe |3
(
m2
(1 + ρ)2
+
β2
(1 + ρ)4 | λe |2
)
− (4)
Gm0m2sgn(ρ)
M2 | λe |3
(
m1
ρ2
+
β1
ρ4 | λe |2
)
(5)
and
h2(ρ) =
Gm0sgn(1 + ρ)
| λe |3
(
m2
(1 + ρ)2
+
β2
| λe |2 (1 + ρ)4
)
+ (6)
Gm0sgn(ρ)
| λe |3
(
m1
ρ2
+
β1
| λe |2 ρ4
)
(7)
where β1 = 3(C1 −A1)/2, β2 = 3(C2 − A2)/2 and sgn(x) =
{
1 if x > 0
−1 if x ≤ 0 .
Now, from the identities
λe · (∇λV)e =| λe |2 h1(ρ)
µe · (∇µV)e = ((1 + ρ)m2 + ρm1)
M2
| λe |2 h2(ρ)
these equations are deduced
| Ωe0 |2=
m1 +m2
m1m2
h1(ρ)
| Ωe0 |2=
m0 +m1 +m2
m0 ((1 + ρ)m2 + ρm1)
h2(ρ)
Then for an Eulerian relative equilibrium, ρ must be a real root of the below equation
m0(m1 +m2) ((1 + ρ)m1 + ρm2)h1(ρ) = m1m2(m0 +m1 +m2)h2(ρ) (8)
The following proposition summarizes all these results.
Proposition 7 If ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) is an Eulerian relative equilibrium,
the equation (8) has, at least, a real root in which the functions h1(ρ) and h2(ρ) are given
by the expressions (4,6). The modulus of the angular velocity of the gyrostat is
| Ωe0 |2=
m1 +m2
m1m2
h1(ρ)
Remark 8 When | λe | has a fixed value, if an Eulerian relative equilibrium exists, the
equation (8) has real solutions. The number of real roots of the equation (8) will depend,
obviously, on the parameters which exist in the system.
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4.2 Sufficient conditions of existence
The below proposition indicates how to calculate solutions of eq. (2).
Proposition 9 When | λe | has a fixed value, let ρ be a solution of the equation (8),
where the functions h1(ρ) and h2(ρ) are given by the expressions (4,6). Then ze = (Π
e
2,
Πe1, Π
e
0, λ
e, peλ, µ
e, peµ) given by
λe = (λe, 0, 0), µe = (µe, 0, 0), Ωe0 = (0, 0, ω
e
0)
peλ = (0, g1ω
e
0λ
e, 0), peµ = (0, g2ω
e
0µ
e, 0), Πe0 = (0, 0, C0ω
e
0 + l)
where
µe =
((1 + ρ)m1 + ρm2)
M2
λe, (ωe0)
2 =
(m1 +m2)h1(ρ)
m1m2
is an Eulerian relative equilibrium. The total angular momentum of the system is ex-
pressed by
L = (0, 0, C2ω
e
2 + C1ω
e
1 + C0ω
e
0 + l + g1ω
e
0(λ
e)2 + g2ω
e
0(µ
e)2)
with l being the gyrostatic momentum. The vectors Πe2, Π
e
1 verify the vectorial equations
Πe1 ×Ωe1 = 0, Πe2 ×Ωe2 = 0
4.3 Eulerian relative equilibria when S2 and S1 are spherical
rigid bodies
Consider the existence and number of solutions for Eulerian relative equilibria when
S2 and S1 are spherical rigid bodies. In this case C1 = A1, C2 = A2 and the equation (8)
is equivalent to the below polynomial equation
(m1 +m2)ρ
5 + (3m2 + 2m1)ρ
4 + (3m2 +m1 +m0(sgn(1 + ρ) (9)
−sgn(ρ)))ρ3 + (m2 −m2sgn(1 + ρ)−m1sgn(ρ)− 3m0sgn(ρ))ρ2
−(3sgn(ρ)m0 + 2sgn(ρ)m1)ρ− (m0sgn(ρ) +m1sgn(ρ)) = 0 (10)
This equation has a unique real solution in the intervals (−∞,−1), (−1, 0) and
(0,+∞). Therefore only one Eulerian relative equilibrium exists.
On the other hand
| Ωe0 |2=
G(m1 +m2)
| λe |3
(
1 +
m0
(m1 +m2)
(
sgn(1 + ρ)
(1 + ρ)2
− sgn(ρ)
ρ2
))
where ρ is the only solution of the equation (9).
Proposition 5 gathers the results about Eulerian relative equilibria when S2 and S1
are spherical rigid bodies in the configurations a), b) and c).
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Proposition 10 1. If ρ is the unique positive root of the equation
(m1 +m2)ρ
5 + (3m2 + 2m1)ρ
4 + (3m2 +m1)ρ
3+
−(3m0 +m1)ρ2 − (3m0 + 2m1)ρ− (m0 +m1) = 0
with
| Ωe0 |2=
G(m1 +m2)
| λe |3
(
1 +
m0
(m1 +m2)
(
1
(1 + ρ)2
− 1
ρ2
))
then ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ), given by
λe = (λe, 0, 0), µe = (µe, 0, 0), Ωe0 = (0, 0, ω
e
0)
peλ = (0, g1ω
e
0λ
e, 0), peµ = (0, g2ω
e
0µ
e, 0), Πe0 = (0, 0, C0ω
e
0 + l)
is the unique solution of relative equilibrium of Euler type in the configuration
S2S1S0.
2. If ρ ∈ (−1, 0) is the unique root of the equation
(m1 +m2)ρ
5 + (3m2 + 2m1)ρ
4 + (3m2 +m1)ρ
3+
+(3m0 + 2m2 +m1)ρ
2 + (3m0 + 2m1)ρ+ (m0 +m1) = 0
with
| Ωe0 |2=
G(m1 +m2)
| λe |3
(
1 +
m0
(m1 +m2)
(
1
(1 + ρ)2
+
1
ρ2
))
then ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) given by
λe = (λe, 0, 0), µe = (µe, 0, 0), Ωe0 = (0, 0, ω
e
0)
peλ = (0, g1ω
e
0λ
e, 0), peµ = (0, g2ω
e
0µ
e, 0), Πe0 = (0, 0, C0ω
e
0 + l)
is the unique solution of relative equilibrium of Euler type in the configuration
S2S0S1.
3. If ρ ∈ (−∞,−1) is the unique root of the equation
(m1 +m2)ρ
5 + (3m1 + 2m2)ρ
4 + (2m0 + 3m2 +m1)ρ
3+
+(3m0 +m1)ρ
2 + (3m0 + 2m1)ρ+ (m0 +m1) = 0
where
| Ωe0 |2=
G(m1 +m2)
| λe |3
(
1 +
m0
(m1 +m2)
(
1
ρ2
− 1
(1 + ρ)2
))
then ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) given by
λe = (λe, 0, 0), µe = (µe, 0, 0), Ωe0 = (0, 0, ω
e
0)
peλ = (0, g1ω
e
0λ
e, 0), peµ = (0, g2ω
e
0µ
e, 0), Πe0 = (0, 0, C0ω
e
0 + l)
is the unique solution of relative equilibrium of Euler type in the configuration
S0S2S1.
9
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4.4 Eulerian relative equilibria when S2 and S1 are not spherical
rigid bodies
In the present case, after carrying out the appropriate calculations, the equation (8)
is reduced to the study of the positive real roots of the nine degree equation
β2q(ρ)−m1m2a2ρ2(ρ+ 1)2p(ρ) = 0 (11)
where
p(ρ) = (m1 +m2)ρ
5 + (3m2 + 2m1)ρ
4 + (3m2 +m1 +m0(sgn(1 + ρ) (12)
−sgn(ρ)))ρ3 + (m2 −m2sgn(1 + ρ)−m1sgn(ρ)− 3m0sgn(ρ))ρ2
−(3sgn(ρ)m0 + 2sgn(ρ)m1)ρ− (m0sgn(ρ) +m1sgn(ρ)) (13)
and
q(ρ) = m0(ksgn(ρ)m2 − sgn(1 + ρ)m1)ρ5 +m2(sgn(1 + ρ)m1 + 5sgn(ρ)m0k + km1sgn(ρ))ρ4
+2ksgn(ρ)(2m1 + 5m0)ρ
3 + 2ksgn(ρ)(3m1 + 5m0)ρ
2 + ksgn(ρ)m2(4m1 + 5m0)ρ
+ksgn(ρ)m2(m0 +m1)
where
β1 = 3(C1 − A1)/2, β2 = 3(C2 − A2)/2
with β1 = kβ2, a =| λe | and k ∈ R.
In order to study the number of real roots of the polynomial (11) the rational function
will be studied
β2 = R(ρ) =
m1m2a
2ρ2(ρ+ 1)2p(ρ)
q(ρ)
In practical applications m0 is very small, then up to the first order in m0
β2 = R1(ρ) =
a2ρ2(ρ+ 1)2p1(ρ)
q1(ρ)
+ o(m0)
where
p1(ρ) = ρ
5 + (2 + µ)ρ4 + (1 + 2µ)ρ3 + (µ− µsgn(1 + ρ)
−(1− µ)sgn(ρ))ρ2 − 2sgn(ρ)(1− µ)ρ− (1− µ)sgn(ρ)
and
q1(ρ) = (sgn(1 + ρ) + sgn(ρ)k)ρ
4 + 4sgn(ρ)kρ3 + 6sgn(ρ)kρ2 + 4sgn(ρ)kρ+ sgn(ρ)k
where µ =
m1
m2 +m1
.
10
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The polynomial q1 has no roots in (0,+∞) and (−1, 0) if k > 0 and k < 0, respectively.
On the other hand, q1 has only one root, ρ1, in (0,+∞) and (−1, 0) if k < 0 and k > 0,
respectively. ρ0 will be denoted as the only root of p1. The implicit curve Res(k, µ) = 0,
where Res is the resultant of the polynomials p1 and q1, is used to study the graph of R1.
When µ0 has a fixed value, the only k0 which verifies Res(k0, µ0) = 0, exists according to
the Implicit Function Theorem. Consider the only root, ρ˜1 = ρ0(µ0), of q1 for k0 and µ0.
The expressions
(ρmax, ξ1(k) = R1(ρmax)), (ρmin, ξ2(k) = R1(ρmin))
are the local maximum and minimum of the function R1.
In the configuration S2S1S0, for any value of µ fixed
lim
k→+∞
ξ2(k) = 0, lim
k→0+
ξ2(k) = −∞
if k > 0. For k < 0
lim
k→+∞
ξ1(k) = 0, lim
k→0+
ξ2(k) = +∞
if ρ1 > ρ˜1. If ρ1 ≤ ρ˜1, R1 is strictly increasing.
For the configuration S2S0S1 if ρ˜1 ≤ ρ1 and k > 0, the function R1 has just a minimum,
which verifies
lim
k→0+
ξ2(k) = ξ0
If ρ1 < ρ˜1, then
lim
k→+∞
ξ2(k) = 0
If k < 0, then R1 verifies that
lim
k→0−
ξ2(k) = ξ0, lim
k→0−
ξ1(k) = +∞
lim
k→−∞
ξ2(k) = 0, lim
k→−∞
ξ1(k) = 0
The results for the configuration S0S2S1 will be deduced from the configuration S2S1S0.
According to these statements, the following proposition can be stated.
Proposition 11 In the configuration S2S1S0 the following results are verified.
a) For k > 0 then:
1. If β2 < R1(ρmin), then Eulerian relative equilibria do not exist.
2. If β2 = R1(ρmin), a unique 2-parametric family of Eulerian relative equilibria exist.
3. If R1(ρmin) < β2 < 0, two 2-parametric families of Eulerian relative equilibria exist.
11
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4. If β2 > 0 a unique 2-parametric family of Eulerian relative equilibria exists.
b) For k0 < k < 0 and β2 > 0, then:
1. If β2 ∈ (ξ1(k), ξ2(k)), Eulerian relative equilibria do not exist.
2. If β2 = ξ1(k) or β2 = ξ2(k), then a unique 2-parametric family of Eulerian relative
equilibria exists.
3. If β2 > ξ2(k) two 2-parametric families of Eulerian relative equilibria exists.
4. If 0 < β2 < ξ1(k) two 2-parametric families of Eulerian relative equilibria exists.
c) For k0 < k < 0 and β2 < 0, then:
1. A unique 2-parametric family of Eulerian relative equilibria exist.
d) For k < k0 and β2 > 0, then:
1. Two 2-parametric families of Eulerian relative equilibria exists.
e) For k < k0 and β2 < 0, then:
1. A unique 2-parametric family of Eulerian relative equilibria exist.
Similarly we obtain the following result.
Proposition 12 In the configuration S2S0S1 the following results are verified.
a) For k > 0 then:
1. If β2 < R1(ρmin), then a unique 2-parametric family of Eulerian relative equilibria
exists.
2. If β2 = R1(ρmin), a two 2-parametric family of Eulerian relative equilibria exist.
3. If R1(ρmin) < β2 < 0, three 2-parametric families of Eulerian relative equilibria
exist.
4. If β2 > 0 a unique 2-parametric family of Eulerian relative equilibria exists.
b) For k < 0 and β2 > 0, then:
1. If β2 ∈ (ξ1(k), ξ2(k)), Eulerian relative equilibria do not exist.
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2. If β2 = ξ1(k) or β2 = ξ2(k) a unique 2-parametric family of Eulerian relative
equilibria exist.
3. If β2 > ξ2(k), two 2-parametric families of Eulerian relative equilibria exist.
4. If 0 < β2 < ξ1(k), two 2-parametric families of Eulerian relative equilibria exist.
c) For k < 0 and β2 < 0, then:
1. If R1(ρmin) < β2 < 0, then two 2-parametric families of Eulerian relative equilibria
exist.
2. If R1(ρmin) = β2, then a unique 2-parametric family of Eulerian relative equilibria
exists.
3. If β2 < R1(ρmin), then Eulerian relative equilibria do not exist.
4. If 0 < β2 < R2(ρmax), then two 2-parametric families of Eulerian relative equilibria
exist.
5. If β2 = R2(ρmax), then a unique 2-parametric family of Eulerian relative equilibria
exists.
6. If β2 > R2(ρmax), then Eulerian relative equilibria do not exist.
5 Stability of Eulerian relative equilibria
The tangent flow of the equations (1) in an Eulerian relative equilibrium ze is expressed
by
dδz
dt
= U(ze)δz
with δz = z− ze and U(ze) being the Jacobian matrix of (1) in ze.
The characteristic polynomial U(ze) is expressed as follows
P (λ) = λ3(λ2 + Φ20)(λ
2 + Φ21)(λ
2 + Φ22)(λ
4 +mλ2 + n)(λ8 + pλ6 + qλ4 + rλ2 + s) (14)
with Φ2i =
(Ci − Ai)ωei + l
Ai
. The coefficients present in the above polynomial are functions
of the parameters of the problem and ρ, where ρ is taken as the root of the equation (8).
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5.1 S2 and S1 are spherical rigid bodies
The characteristic polynomial (14) of U(ze) simplifies to
P (λ) = λ5(λ2 + Φ20)(λ
2 + Φ21)(λ
2 + Φ22)(λ
2 + (ωe0)
2)2(λ2 + p)(λ4 + qλ2 + r)
with coefficients shown in Appendix B.
If p ≥ 0, q ≥ 0, r ≥ 0, q2 − 4r ≥ 0, then ze is spectrally stable. These conditions are
not verified since r < 0.
Proposition 13 If ze is the only relative equilibrium in the configuration S0S2S1 of the
zero order approximate dynamics then it is unstable.
5.2 S2 and S1 are close to a sphere
The case in which Si (i = 1, 2) are close to a sphere will now be analyzed. In this case
Ci −Ai ≈ 0, and this is the reason why by applying the Implicit Function Theorem ze is
unstable.
If Ci − Ai is not close to zero, the coefficients of the polynomial (14) have very com-
plicated expressions. Numeric calculations prove that linear stable Eulerian relative equi-
libria exist for certain values of the parameters Ci −Ai (i = 1, 2) (see Vera and Vigueras
[7] for details). These results are also applicable to configurations S2S0S1 and S2S1S0.
6 Lagrangian relative equilibria
6.1 Necessary conditions of existence
If ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) is a Lagrangian relative equilibrium, the below
identities are verified
λe × (∇λV)e = 0, g1 | Ωe0 |2 (λe × µe) = (∇λV)e × µe
µe × (∇µV)e = 0, g2 | Ωe0 |2 (λe × µe) = λe × (∇µV)e
After some calculations, it is concluded
(A12)e(λ
e × µe) = 0, g1 | Ωe0 |2 (λe × µe) = (A11)e(λe × µe)
(A21)e(λ
e × µe) = 0, g2 | Ωe0 |2 (λe × µe) = (A22)e(λe × µe)
The expressions (Aij)e are certain values of the potential function in the Lagrangian
relative equilibrium (see Appendix A, for details).
Concluding, the following relationships are verified
(A12)e = 0, | Ωe0 |2=
(A11)e
g1
=
(A22)e
g2
and the below proposition can be obtained.
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Proposition 14 Let ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) be a Lagrangian relative equilib-
rium. Then it is seen that
g2(A˜11)e = g1(A˜22)e, (A˜12)e = 0, | Ωe0 |2=
(A11)e
g1
If ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) is a Lagrangian relative equilibrium, then using
the expressions of (Aij)e it is proven
m1
| λe |3 =
m1
| µe−m2
M2
λe |3 +
β1
| µe−m2
M2
λe |5 ,
m2
| λe |3 =
m2
| µe+m1
M2
λe |3 +
β2
| µe+m1
M2
λe |5
and
| Ωe0 |2=
G(m0 +m1 +m2)
Z3
From the previous expressions, the bellow result is deduced.
Proposition 15 If ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) is a Lagrangian relative equilib-
rium, then by denoting | λe |= Z, | µe−m2
M2
λe |= X, | µe+m1
M2
λe |= Y, the system of
equations {
X5 − Z3X2 − β1Z3 = 0
Y 5 − Z3Y 2 − β2Z3 = 0
(15)
has positive real solutions.
Remark 16 Z, β1 and β2 will be the parameters that exert a strong influence on the
study of the number of the different configurations of a Lagrangian relative equilibrium.
6.2 Sufficient conditions of existence
If Z has a fixed value and X , Y verify the below system of equations{
X5 − Z3X2 − β1Z3 = 0
Y 5 − Z3Y 2 − β2Z3 = 0
(16)
, with respect to an appropriate reference system, the coordinates of Lagrangian relative
equilibria are completely determinated. If X = Y 6= Z is a solution to the previous
system, then the gyrostat S0 and the rigid bodies Si (i = 1, 2) form an isosceles triangle
when β1 = β2. On the other hand, if β1 6= β2 then X 6= Y 6= Z and Si (i = 0, 1, 2) form
a scalene triangle.
The following proposition, whose demonstration is based on verifying the equations
of the equilibria, shows how Lagrangian relative equilibria are when S0, S1, S2 form an
isosceles triangle. Following the same line of reasoning, Lagrangian relative equilibria
could be described when S0, S1, S2 form a scalene triangle.
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Proposition 17 With respect to an appropriate reference system, ze = (Π
e
2, Π
e
1, Π
e
0, λ
e,
peλ, µ
e, peµ) expressed by
λe = (x1, y1, 0), p
e
λ = g1ω
e
0(−y1, x1, 0), µe = (x2, y2, 0) (17)
peµ = g2ω
e
0(−y2, x2, 0), Ωe0 = (0, 0, ωe0), Πe0 = (0, 0, C0ωe0 + l)
with
x1 = Z, y1 = 0, x2 =
Z(m2 −m1)
2(m1 +m2)
, y2 = ±
√
4X2 − Z2
2
, (ωe0)
2 =
G(m0 +m1 +m2)
Z3
are an isosceles Lagrangian relative equilibrium. The total angular momentum vector of
the system is given by
L = (0, 0, C2ω
e
2 + C1ω
e
1 + C0ω
e
0 + l + ω
e
0
2∑
i=1
gi(x
2
i + y
2
i ))
Proposition 18 With respect to an appropriate reference system, ze = (Π
e
2, Π
e
1, Π
e
0, λ
e,
peλ, µ
e, peµ) given by
λe = (x1, y1, 0), p
e
λ = g1ω
e
0(−y1, x1, 0), µe = (x2, y2, 0) (18)
peµ = g2ω
e
0(−y2, x2, 0), Ωe0 = (0, 0, ωe0), Πe0 = (0, 0, C0ωe0 + l)
with
x1 = Z, y1 = 0, x2 =
m2(X
2 + Z2 − Y 2)−m1(Y 2 + Z2 −X2)
2(m1 +m2)Z
,
(ωe0)
2 =
G(m0 +m1 +m2)
Z3
, y2 = ±
√
(Z +X + Y )(Z +X − Y )(Z + Y −X)(X + Y − Z)
2Z
are a scalene Lagrangian relative equilibrium. The total angular momentum vector of the
system is expressed as follows
L = (0, 0, C2ω
e
2 + C1ω
e
1 + C0ω
e
0 + l + ω
e
0
2∑
i=1
gi(x
2
i + y
2
i ))
Next the Lagrangian relative equilibria will be studied when S2 and S1 are spherical
rigid bodies.
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6.3 Lagrange relative equilibria when S2 and S1 are spherical
rigid bodies
If S2 and S1 are spherical rigid bodies, then C1 = A1, C2 = A2. The equations (15)
are {
X3 = Z3
Y 3 = Z3
being easily deduced from them that X = Y = Z, i.e. S0, S1 and S2 form an equilateral
triangle. It is also obtained
| Ωe0 |2=
G(m0 +m1 +m2)
Z3
On the other hand, one parametrization of the former equilibria ze = (Π
e
2, Π
e
1, Π
e
0,
λe, peλ, µ
e, peµ) is given by the relationship (17) being
x1 = Z, y1 = 0, x2 =
Z(m2 −m1)
2(m1 +m2)
, y2 = y2 = ±
√
3Z
2
, (ωe0)
2 =
G(m0 +m1 +m2)
Z3
This parametrization of the relative equilibria will be useful to study the stability of
the same ones.
6.4 Lagrangian relative equilibria when S2 and S1 are not spher-
ical rigid bodies
The number of real positive solutions of the below system will be now studied{
X5 − Z3X2 − β1Z3 = 0
Y 5 − Z3Y 2 − β2Z3 = 0
(19)
where Z, β1 and β2 are parameters. With this aim in view, let us proceed with the study
of the number of the positive real roots of the polynomial
p(X) = X5 − Z3X2 − βZ3
according to the values of the parameters Z and β.
If β ≥ 0, then this polynomial can only have a positive real root by applying the rule
of the signs of Descartes.
If β < 0, then we can have two positive real roots, just one positive real root or none.
The discriminant of the polynomial, denoted by discrim(p,X), is expressed by
discrim(p,X) = βZ12(3125β3 + 108Z6)
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Then if discrim(p,X) < 0 the polynomial p has two real roots, if discrim(p, x) = 0 it
has a positive double root, whereas if discrim(p, x) > 0 it has no positive root.
The discriminant is zero when the following relationship is verified
β = −3
3
√
20
25
Z2
From the previous results a detailed study can be carried out of the bifurcations of
the Lagrangian relative equilibria when β1 = β2.
Proposition 19 Let ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) be a Lagrangian relative equilib-
rium and β1 = β2, then
1. If β1 > 0, a unique 2-parametric family exists, making S0, S1 and S2 an isosceles
triangle.
2. If β1 < 0 (gyrostat prolate), then:
a1) If
−7Z2
32
< β1 < 0, there are two types of relative equilibria:
• One 2-parametric family of relative equilibria, making S0, S1 and S2 an
isosceles triangle with X = Y 6= Z.
• Two 2-parametric families of relative equilibria, making S0, S1 and S2 a
scalene triangle with X 6= Y 6= Z.
a2) If −3
3
√
20
25
Z2 < β1 <
−7Z2
32
, there are two types of relative equilibria:
• Two 2-parametric families of relative equilibria, making S0, S1 and S2 an
isosceles triangle with X = Y 6= Z.
• Four 2-parametric families of relative equilibria, making S0, S1 and S2 an
scalene triangle with X 6= Y 6= Z.
b) If β1 = −
3 3
√
20
25
Z2, a unique 2-parametric family exists making S0, S1 and S2
an isosceles triangle, with X = Y 6= Z.
c) If β1 < −
3 3
√
20
25
Z2, relative equilibria do not exist.
On the other hand, we have that ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ), with equations
(17) given by
x1 = Z, y1 = 0, x2 =
Z(m2 −m1)
2(m1 +m2)
, y2 = ±
√
4X2 − Z2
2
, (ωe0)
2 =
G(m0 +m1 +m2)
Z3
describes a parametrization of the Lagrangian relative equilibria when S0, S1 and S2 form
an isosceles triangle. Similar results are obtained when S0, S1 and S2 form a scalene
triangle.
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Proposition 20 Let ze = (Π
e
2, Π
e
1, Π
e
0, λ
e, peλ, µ
e, peµ) be a Lagrangian relative equilib-
rium and β1 6= β2, then
1. If β1, β2 > 0 a unique 3-parametric family exists, making S0, S1 and S2 a scalene
triangle.
2. If β1 < 0 and β2 > 0 then
a1) If
−7Z2
32
< β1 < 0, there are two 3-parametric families of relative equilibria,
making S0, S1 and S2 a scalene triangle with X 6= Y 6= Z.
a2) If −3
3
√
20
25
Z2 < β1 <
−7Z2
32
, there are four 3-parametric families of relative
equilibria, making S0, S1 and S2 a scalene triangle with X 6= Y 6= Z.
b) If β1 = −
3 3
√
20
25
Z2 a unique 3-parametric family exists, making S0, S1 and S2 a
scalene triangle with X = Y 6= Z.
c) If β1 < −
3 3
√
20
25
Z2, relative equilibria do not exist.
3. The case β2 < 0 and β1 > 0 is similar to the previous one.
4. If β1, β2 < 0 then:
b1) If
−7Z2
32
< β1 < 0 and
−7Z2
32
< β2 < 0, there are four 3-parametric families of
relative equilibria, making S0, S1 and S2 a scalene triangle with X 6= Y 6= Z.
b2) If
−7Z2
32
< β1 < 0 and −
3 3
√
20
25
Z2 < β2 <
−7Z2
32
, there are six 3-parametric
families of relative equilibria, making S0, S1 and S2 a scalene triangle with
X 6= Y 6= Z.
b3) If −3
3
√
20
25
Z2 < β1 <
−7Z2
32
and −3
3
√
20
25
Z2 < β2 <
−7Z2
32
, there are eight
3-parametric families of relative equilibria, making S0, S1 and S2 a scalene
triangle with X 6= Y 6= Z.
b4) If β1 = −
3 3
√
20
25
Z2 and −3
3
√
20
25
Z2 < β2 <
−7Z2
32
, there are two 3-parametric
families of relative equilibria, making S0, S1 and S2 a scalene triangle with
X 6= Y 6= Z.
b5) If β1 = −
3 3
√
20
25
Z2 and β2 < −
3 3
√
20
25
Z2 or β2 = −
3 3
√
20
25
Z2 and β1 < −
3 3
√
20
25
Z2,
relative equilibria do not exist.
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6.5 Lagrangian relative equilibria when S2 and S1 are close to
spherical rigid bodies
If β1, β2 ≈ 0, the solutions of (19) up to the second order in the parameters β1 and
β2 are
X = Z +
β1
3Z
− β
2
1
3Z3
+ o(β21)
Y = Z +
β2
3Z
− β
2
2
3Z3
+ o(β22)
Using the previous relationships, the expressions of µe = (x2, y2, 0) are obtained with
x2 =
(m2 −m1)Z
2(m2 +m1)
− β1
3Z
+
β2
3Z
+
5β21
18Z3
− 5β
2
2
18Z3
+ o(β21 + β
2
2)
y2 =
√
3Z
2
+
√
3
9
(β1 + β2)− (
23
√
3β21
162Z3
− 4
√
3β1β2
81Z3
+
23
√
3β22
162Z3
) + o(β21 + β
2
2)
and λe = (Z, 0, 0).
7 Linear stability of the Lagrangian relative equilib-
ria
In the equilibrium ze the tangent flow of the equations (1) are
dδz
dt
= U(ze)δz
where δz = z− ze and U(ze) is the Jacobian matrix of (1) in ze.
7.1 S2 and S1 are spherical rigid bodies
The characteristic polynomial of U(ze) has the bellow expression
P (λ) = λ5(λ2 + Φ20)(λ
2 + Φ21)(λ
2 + Φ22)(λ
2 + ω2e)
3(λ4 + ω2eλ
2 + q)
where
ω2e =
G(m0 +m1 +m2)
Z3
, q =
27G2(m1m0 +m2m0 +m1m2)
4Z6
and Φ2i =
(Ci − Ai)ωei + l
Ai
.
The minimum polynomial of U(ze) has this expression
Q(λ) = λ2(λ2 + Φ20)(λ
2 + Φ21)(λ
2 + Φ22)(λ
2 + ω2e)(λ
4 + ω2eλ
2 + q)
Then the bellow results are verified.
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Proposition 21 ze is spectral stable if
(m0 +m2 +m1)
2 ≥ 27(m1m0 +m2m0 +m1m2) (20)
If
(m0 +m2 +m1)
2 < 27(m1m0 +m2m0 +m1m2)
then ze is unstable
As the minimum polynomial of U(ze) has the λ = 0 as double root, the matrix U(ze)
is not diagonalizable, being the following proposition verified.
Proposition 22 The linear system
dδz
dt
= U(ze)δz
is unstable.
7.2 S2 and S1 are not spherical rigid bodies
Similar results show that the characteristic polynomial has this expression
P (λ) = λ3(λ2 + Φ20)(λ
2 + Φ21)(λ
2 + Φ22)(λ
2 +m)(λ2 + n)(λ8 + pλ6 + qλ4 + rλ2 + s)
The minimum polynomial of U(ze) is expressed by
Q(λ) = λ(λ2 + Φ20)(λ
2 + Φ21)(λ
2 + Φ22)(λ
2 +m)(λ2 + n)(λ8 + pλ6 + qλ4 + rλ2 + s)
The coefficients of the characteristic polynomial will be expressed in function of the
parameters of the problem, i.e. the masses and the coefficients βi (i = 1, 2). We conclude
the following result by employing the Sturm Theorem.
We conclude that the Lagrangian relative equilibria are spectral stable (lineally stable)
if the following conditions are verified
p2q2 − 3rp3 − 6p2s− 4q3 + 14pqr + 16qs− 18r2 ≥ 0 (> 0)
p2qr − 48sr − 9sp3 + 32pqs− 4q2r + 3pr2 ≥ 0 (> 0)
r, s ≥ 0 (> 0), 3p2 − 8q ≥ 0 (> 0), pr − 16s ≥ 0 (> 0)
m,n ≥ 0 (> 0), discrim(h) ≥ 0 (> 0)
If Si (i = 1, 2) are arbitrary rigid bodies, the former conditions are very complicated
expressions in the parameters of the problem and can only be studied by means of nu-
merical analysis.
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If Si (i = 1, 2) are close to a sphere, the coefficients of P , up to the first order in the
parameters β1 and β2 are expressed as follows
m =
G(m0 +m1 +m2)
Z3
+ o(β1) + o(β2), n =
G(m0 +m1 +m2)
Z3
+ o(β1) + o(β2)
r =
27G3(m0 +m1 +m2)(m1m0 +m2m0 +m1m2)
4Z9
+ o(β1) + o(β2)
q =
G2(4m20 + 4m
2
1 + 4m
2
2 + 35m0m1 + 35m0m2 + 35m1m2)
4Z6
+ o(β1) + o(β2)
p =
2G(m0 +m1 +m2)
Z3
+ o(β1) + o(β2), s = o(β1) + o(β2)
If the function
s =
81G4m0(m0 +m1 +m2)
2(β1m1 + β2m)
4
+ o(β21 + β
2
2)
is positive and
(m0 +m2 +m1)
2 > 27(m1m0 +m2m0 +m1m2)
ze is linearly stable. Then if Si (i = 1, 2) is close to a sphere and
m1(C1 − A1) +m2(C2 −A2) > 0
ze is linearly stable when (20) is verified. If m1(C1−A1)+m2(C2−A2) = 0, second order
terms of the coefficients in β1 and β2 are necessary for the study of the problem.
8 Conclusions and future works
In this paper it has been investigated some important periodic solutions of the dy-
namics of a gyrostat in Newtonian interaction with two symmetric rigid bodies. With the
hypotheses formulated in the introduction of this paper, working in the double reduced
space of configuration of the problem, both the equations of motion and the those which
determine the relative equilibria have been derived.
Two families of relative equilibria, Eulerian and Lagrangian are studied. The Eulerian
relative equilibria have been completely determinated by a polynomial equation of degree
nine. The bifurcations of these equilibria have been carried out when m0 is very small.
The bifurcations of the Lagrangian relative equilibria have been completely investigated
and expressions for the Lagrangian relative equilibria, when both solids are close to a
sphere, are provided. These expressions are useful for the posterior study of the stability
of the same ones.
The instability of Eulerian relative has been proven and necessary and sufficient con-
ditions for lineal stability of Lagrangian relative equilibria are provided.
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Different results, which had been obtained by means of classic methods in previous
works, have been generalized in a different way, and other results, not previously consid-
ered, have been studied. Some interesting numeric results have been detailed in Appendix
B.
Numerous problems are open, and among them the study of the ”inclined” relative
equilibria, in which Ωe0 form an angle α 6= 0, pi/2 with the vector λe× µe, is considered.
The methods used in this work are susceptible of being used in similar problems. The
nonlinear stability of the relative equilibria obtained here is the logical continuation of
this work.
9 The (Aij)e, i, j = 1, 2.
The bellow expressions of the potential V are obtained.
(∇λV)e = Gm1m2λ
e
| λe |3 −
Gm0m2
M2
1∑
i=0
α1i (µ
e−m2
M2
λe)
| µe−m2
M2
λe |2i+3 +
Gm0m1
M2
1∑
i=0
α2i (µ
e+m1
M2
λe)
| µe+m1
M2
λe |2i+3
(∇µV)e = Gm0
(
1∑
i=0
α1i (µ
e−m2
M2
λe)
| µe−m2
M2
λe |2i+3 +
k∑
i=0
α2i (µ
e+m1
M2
λe)
| µe+m1
M2
λe |2i+3
)
where α10 = α
2
0 = m0, α
1
1 = β1 = 3/2(C1 − A1) and α21 = β2 = 3/2(C2 −A2).
The following identities are also verified
(∇λV)e = (A11)eλe+(A12)eµe, (∇µV)e = (A21)eλe+(A22)eµe
where
(A11)e =
Gm1m2
| λe |3 +
Gm0m
2
2
M22
(
1∑
i=0
α1i
| µe−m2
M2
λe |2i+3
)
+
Gm0m
2
1
M22
(
1∑
i=0
α2i
| µe+m1
M2
λe |2i+3
)
(A12)e =
Gm0m1
M2
(
1∑
i=0
α2i
| µe+m1
M2
λe |2i+3
)
− Gm0m2
M2
(
1∑
i=0
α1i
| µe−m2
M2
λe |2i+3
)
(A12)e = (A21)e
(A22)e = Gm0
(
1∑
i=0
α1i
| µe−m2
M2
λe |2i+3 +
1∑
i=0
α2i
| µe+m1
M2
λe |2i+3
)
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10 Some numerical results
In order to obtain the values of Ci − Ai, (i = 1, 2), the below relationships will be
utilized
C1 − A1 = (1− µ)
(eS1
Z
)2
JS12
C2 − A2 = µ
(eS2
Z
)2
JS22
where eSi and pSi represent the equatorial and polar radius of Si (i = 1, 2), J
Si
2 =
2
5
εi,
respectively, and εi =
eSi − pSi
eSi
. S1, S2 are considered to be homogeneous ellipsoids. The
distances are measured in kilometers.
S2S1S0(m0 → 0) Without oblat. Oblat. of S2 Oblat. of S2 and S1
Earth-Moon-S0 448879.206 448879.221 448879.251
Mars-Phobos-S0 9414.945 9414.958 9414.958
S0S2S1(m0 → 0) Without oblat. Oblat. of S2 Oblat. of S2 and S1
S0-Earth-Moon 381679.691 381679.763 381679.763
S0-Mars-Phobos 9310.642 9310.666 9310.668
S2S0S1(m0 → 0) Without oblat. Oblat. of S2 Oblat. of S2 and S1
Earth-S0-Moon 326409.744 326409.780 326409.751
Mars-S0-Phobos 9339.156 9339.196 9339.196
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11 Coefficients of the characteristic polynomial in
Eulerian relative equilibria S0S2S1
The coefficients of the characteristic polynomial (14) are
ω2e =
G ((m2 +m1) ρ
4 + (2m1 + 2m2) ρ
3 + (m2 +m1) ρ
2 − 2m0 ρ−m0)
λ3e(1 + ρ)
2ρ2
p =
G((m2 + 4m0 +m1)ρ
3 + (3m2 + 6m0)ρ
2 + (4m0 + 3m2)ρ+m0 +m2)
(1 + ρ)3ρ3λ3e
q =
G((−2m1ρ4m2 + (−2m0m1 +m21 +m22 − 2m1m2 − 2m0m2)ρ3
((1 + ρ)3ρ3λ3e)
+
(3m22 +m1m2 − 6m0m1)ρ2 + (−m1m2 + 3m22 + 2m0m2 − 4m0m1)ρ
((1 + ρ)3ρ3λ3e)
+
m22 −m0m1 +m0m2 −m1m2))
((1 + ρ)3ρ3λ3e)
r =
G2(a1ρ
4 + a2ρ
4 + a3ρ
2 + a4ρ+ a5)
((1 + ρ)8 ρ8 λ9e)
11.1 Coefficients ai (i = 1, . . . , 5)
a1 = −42m72m1 − 48m72m0 − 147m62m21 − 336m62m1m0 − 129m62m20
−207m52m31 − 782m52m21m0 − 673m52m1m20 − 81m52m30 − 150m42m41
−869m42m31m0 − 1325m42m21m20 − 378m42m1m40 − 64m32m51
−513m32m41m0 − 1270m32m31m20 − 702m32m21m30 − 14m22m61
−165m22m51m0 − 610m22m41m20 − 648m22m31m30 − 24m2m61m0
−119m2m51m20 − 297m2m41m30 + 2m61m20 − 54m51m30
25
J. A. Vera Equilibria for a gyrostat in newtonian interaction with two rigid bodies
a2 = −60m72m1 − 54m72m0 − 243m62m21 − 474m62m1m0 − 173m62m20
−399m52m31 − 1345m52m21m0 − 999m52m1m20 − 135m52m30 − 329m42m41
−1846m42m31m0 − 2223m42m21m20 − 648m42m1m30 − 138m32m51
−1364m32m41m0 − 2506m32m31m20 − 1242m32m21m30 − 24m22m61
−536m22m51m0 − 1530m22m41m20 − 1188m22m31m30 − 90m2m61m0
−477m2m51m20 − 567m2m41m30 − 56m61m20 − 108m51m30
a3 = −42m72m1 − 36m72m0 − 183m62m21 − 342m62m1m0 − 93m62m20
−349m52m31 − 1097m52m21m0 − 630m52m1m20 − 81m52m30 − 358m42m41
−1776m42m31m0 − 166m42m21m20 − 405m42m1m30 − 189m32m51
−1614m32m41m0 − 2256m32m31m20 − 810m32m21m30 − 31m22m61
−827m22m51m0 − 1683m22m41m20 − 810m22m31m30 − 6m2m71
−228m2m61m0 − 666m2m51m20 − 405m2m41m30 − 30m71m0
−81m51m30 − 111m61m20
a4 = −12m72m1 − 12m72m0 − 56m62m21 − 114m62m1m0 − 24m62m20
−130m52m31 − 387m52m21m0 − 162m52m1m20 − 179m42m41
−687m42m31m0 − 432m42m21m20 − 140m32m51 − 693m32m41m0
−588m32m31m20 − 52m22m61 − 387m22m51m0 − 432m22m41m20 − 6m2m71
−108m2m61m0 − 162m2m51m20 − 12m71m0 − 24m61m20
a5 = −(m0 +m2)(18m0m62 + 12m1m62 + 94m52m0m1 + 36m21m52
+81m42m
2
0m1 + 168m
4
2m0m
2
1 + 42m
4
2m
3
1 + 128m
3
2m0m
3
1
+27m32m
4
1 + 15m
2
2m
5
1 + 31m
2
2m0m
4
1 + 126m
2
2m
2
0m
3
1 + 18m
2
0m
5
2
+54m2m
2
0m
4
1 + 12m2m0m
5
1 + 5m2m
6
1 + 7m
6
1m0 + 9m
2
0m
5
1
+144m32m
2
0m
2
1)
Acknowledgements
This research was partially supported by the Spanish Ministerio de Ciencia y Tec-
nolog´ıa (Project BFM2003-02137) and by the Consejer´ıa de Educacio´n y Cultura de la Co-
munidad Auto´noma de la Regio´n de Murcia (Project Se´neca 2002: PC-MC/3/00074/FS/02).
References
[1] Duboshin G N 1984 The problem of three rigid bodies Celestial Mechanics and Dy-
namical Astronomy 33 31-47
26
J. A. Vera Equilibria for a gyrostat in newtonian interaction with two rigid bodies
[2] Leimanis E 1965 The general problem of the motion of coupled rigid bodies about a
fixed point Springer Verlag Berlin
[3] Maciejewski A 1995 Reduction, relative equilibria and potential in the two rigid
bodies problem Celestial Mechanics and Dynamical Astronomy 63 1-28
[4] Monde´jar F and Vigueras A 1999 The Hamiltonian dynamics of the two gyrostats
problem Celestial Mechanics and Dynamical Astronomy 73 303-312
[5] Vera J A 2004 Reducciones, equilibrios y estabilidad en dina´mica de so´lidos r´ıgidos
y giro´statos PhD Dissertation Universidad Polite´cnica de Cartagena Spain
[6] Vera J A and Vigueras A 2004 Reduction, relative equilibria and stability for a gy-
rostat in the n-body problem In: M.C. Lo´pez de Silanes et al. (eds.) Monograf´ıas del
Seminario Matema´tico Garc´ıa de Galdeano (VIII Journe´es Zaragoza-Pau de Mathe-
matiques Applique´es et de Statistiques) vol. 31 257-271 Servicio de Publicaciones de
la Universidad de Zaragoza Zaragoza Spain.
[7] Vera J A and Vigueras A 2006 Hamiltonian dynamics of a gyrostat in the n-body
problem: relative equilibria Celestial Mechanics and Dynamical Astronomy 94 (3)
289-315
[8] Vidiakin V V 1977 Euler solutions in the problem of translational-rotational motion
of three-rigid bodies Celestial Mechanics and Dynamical Astronomy 16 509-526
[9] Wang L S, Krishnaprasad P S and Maddocks J H 1991 Hamiltonian dynamics of a
rigid body in a central gravitational field Celestial Mechanics and Dynamical Astron-
omy 50 349-386.
[10] Zhuravlev S G and Petrutskii A A 1990 Current state of the problem of translational-
rotational motion of three-rigid bodies Soviet Astron. 34 299-304
27
